This article deals with the lower compactness property of a sequence of integrands and the use of this key notion in various domains: convergence theory, optimal control, nonsmooth analysis. First about the interchange of the weak lower epi-limit and the symbol of integration for a sequence of integral functionals. These functionals are defined on a topological space (X , T ), where X is a subset of measurable functions and the Tsequential convergence is stronger than or equal to the convergence in the Biting sense. Given a sequence ( f n ) n of integrands, if the integrand f is the weak lower sequential epi-limit of the integrands f n one of the main results of this article asserts that under the Ioffe's criterion, the T -lower sequential epi-limit of the sequence of integral functionals at the point x is bounded below by the value of the integral functional associated to the Fenchel-Moreau biconjugate of f at the point x. Then the strong-weak semicontinuity (respectively the subdifferentiability) of integral functionals, are studied in relation with the Ioffe's criterion. This permits, with original proofs, to give new conditions for the sequential strong-weak lower semi continuity at a given point, and to obtain necessary and sufficient criteria for the Fréchet and the (weak) Hadamard subdifferentiability of integral functionals on general spaces, particularly on Lebesgue spaces. (2000): 26A16, 26A24, 26E15, 28B20, 49J52, 54C35.
Introduction
The notion of convergence plays a key role in the study of variational problems and in nonlinear analysis, see [41] , [42] , [37] , [1] , [13] , [15] , [2] , [55] , [52] , [50] . The convergence of a sequence of functions is often defined through the convergence of their epigraphs. Given a topological space (X , T ), one can consider on the space of subsets of X the Painlevé-Kuratowski convergence. This permits to define epi-convergence of a sequence of functions ( f n ) n defined on X with extended numerical values. In fact, the use of the epigraphs of functions and the existence of a lower limit and an upper limit of a sequence of subsets allows to define the T -upper epi-limit, T − l s e f n , (respectively the T -lower epi-limit, T − l i e f n ) of a sequence of extended real-valued functionals. Moreover the T -epi-limit, T − l i m e f n , can be defined by the coincidence of these last two epi-limits. In this case one says that the sequence ( f n ) n T -epi-converges to T − l i m e f n . When we consider two topologies on X , T 1 finer or equal than T 2 , we can define also the (T 1 , T 2 ) Mosco-convergence of a sequence of functionals with extended numerical values, by the coincidence of the associated T 1 upper epi-limit and the T 2 lower epi-limit. The case considered initially by U. Mosco is a reflexive Banach space endowed with its strong and weak topologies [41] . In [1] , [13] , [15] , [55] the reader can find many examples and applications of the notion of epi-convergence. For integral functionals it seems that it is of great interest not to study directly the convergence, but to make separate studies of the cases of lower and upper epi-limits. In this article, first it is considered sequential (weak) lower epi-limits of a sequence of such functionals. Given a complete σ-finite measure space Ω, a separable Banach space E (or in some cases a reflexive separable Banach space), a topological subset (X , T ) of the space of classes (for almost everywhere equality) of measurable E-valued functions, and a sequence ( f n ) n of measurable extended real-valued non necessarily convex integrands defined on Ω × E, our first purpose is to give a " best " lower bound for the T -sequential lower epi-limit of the associated sequence (I f n ) n of integral functionals at a given point x ∈ X . The study of convergence of integral functionals is originally started by J-L. Joly and F. De Thélin [38] in the convex case with E finite dimensional, X = L p (Ω, E) and for Mosco-convergence; then by A. Salvadori [56] when Ω is a finite measured space, E is a reflexive separable Banach space; more recently for the slice convergence by J. Couvreux [12] , Ω being a probability space and E a Banach space with separable dual, with X = L p (Ω, E) also in the convex case. In our approach it is important to avoid any convergence, properness, or global convexity assumptions on the sequence of integrands and of functionals. The second and third section are devoted to some known or new preliminaries on the calculus of the Fenchel-Moreau conjugate of a sequential weak lower epi-limit, on the Biting Lemma and tightness. In Section 4 a measurability property is first proved: Theorem 4.6. Then the chapter VII of C. Castaing and M. Valadier'book [9] is used and a consequence of M. Valadier results [60] section 3, [9] Theorem VII-7 on the calculus of the Fenchel-Moreau conjugate of an integral functional is put in light. Section 5 is devoted to a property of the upper epi limit l s e I f n of a sequence (I f n ) n of integral functionals defined on the dual of L 1 (Ω, E) and for the topology of uniform convergence on weakly compact sets of L 1 (Ω, E), Proposition 5.3, this result permits to give a proof of the main result of section 6 by a duality method. In Section 6, the property (P) required on the topology T is trivially satisfied when X = L p (Ω, E) is endowed with a topology stronger than or equal the weak topology. Given a sequence of integrands ( f n ) n defined on Ω×E, let the integrand f = se q σ−l i e f n and its Fenchel-Moreau biconjugate f * * , the main result is Theorem 6.3; it proves that given a sequence (x n ) n Tconverging to x under mild assumptions the following inequality is true lim inf n I f n (x n ) ≥ I f * * (x) − δ + ((− f n (x n )) n ) , where δ + (.) is an extension to the σ-finite case of Rosenthal's modulus of uniform equiintegrability (see [26] ). Following [34] , we will say that a sequence ( f n ) n of integrands satisfies the Ioffe's criterion at x ∈ X ( with respect to T ) when the following lower compactness property holds: for every subsequence ( f n k ) k of ( f n ) n and any T -converging sequence (x k ) k to x such that the sequence (I f n k (x k )) k is bounded above, the sequence of negative parts ( f − n k (x k )) k is relatively weakly compact in L 1 (Ω, IR). When the Ioffe's criterion holds, the term δ + vanishes and the inequality announced in the abstract holds. The converse being often valid when f (x) = f * * (x) (Theorem 6.8). In Section 7 a first application is obtained: the classical problem of strong-weak lower semicontinuity of an integral functional is considered. In this case the integrand is defined on Ω × E × F, where E is a topological space and F is a separable Banach space. The global semicontinuity problem was considered by many authors, notably C. Olech [46] , [47] , in the case L 1 (Ω, E 2 ), and completely solved by A. D. Ioffe [34] for a large class of spaces of finite dimensional-valued measurable functions. C. Castaing and P. Clauzure [10] deal, with a strengthening of Olech's techniques, the case of measurable functions infinite dimensional valued: F is a Banach space with separable dual. E. J. Balder [3] , [4] , [5] , gives a new proof of this result using the concept of seminormality for an integral functional defined on L 1 (Ω, E × F), where F is a separable reflexive Banach space. As a significant contribution he introduces and uses the notion of Nagumo tightness. A. Bourass, B. Ferrahi and O. Kahlaoui in [7] show that the Ioffe's techniques and results can be extended to the case F is a separable reflexive Banach space. Moreover, when f is non negative, I. Fonseca and G. Leoni have weakened the assumptions on the topologies ( [21] Corollary 7.9) and made a remarkable characterization of the associated relaxed energy functional [21] Theorem 7.13, but F is supposed finite dimensional. More recently C. Castaing, P.R. de Fitte, M. Valadier in their book [11] with various notions of tightness in relation with the theory of Young measures, obtain a semicontinuity result in case F is a separable Banach space, [11] Theorem 8.1.6. In this article, Theorem 7.1 is first a quantitative estimate on the lack of sequential strong-weak semicontinuity. Not only it gives other proofs of the known semicontinuity results at least when F has a strongly separable dual, [3] , [4] , [5] , [10] , [21] and [7] , but in case F is reflexive, with weak assumptions on the topologies it permits to extend the Ioffe's result at a given point without any global convexity assumptions on the integrand, Corollary 7.6. In section 8 the lower compactness property respect to a bornology is defined. Fréchet and Hadamard lower compactness properties of a sequence of integrands are considered. Using growth conditions, very concrete examples are presented on Orlicz spaces, Propositions 8. 4, 8.11 and 8.12 , and on Lebesgue spaces Corollaries 8. 5, 8.6, 8.8, 8.9, 8.16 and 8.17 . The section 9 is first devoted to introduce the notions of Fréchet and weak Hadamard subdifferentiability. Related to the J. P Penot's characterization of Fréchet subdifferentiability of an integral functional on L p (Ω, E), 1 ≤ p < ∞, [51] Theorems 12 and 22, two complete characterizations for the subdifferentiability of an integral functional respect to the Fréchet and weak Hadamard bornologies, are given in a general setting: Theorem 9.2 and Theorem 9.4; they permit to reach criterions in the case of Orlicz spaces Corollary 9.5, and of Lebesgue spaces when the measure is atomless: Corollaries 9.6 and 9.7 which are equivalent to the characterizations given in [51] Theorems 12 and 22, Corollary 9.8 treats the case p = ∞. In section 10 some additional properties of the Fréchet subdifferentiability are reached: Theorem 10.2, Corollaries 10.11 and 10.12, they are in relation with the Fréchet lower compactness property of the differential quotients associated to the integrand (for practical examples see the sections 8 and 9). The last section is a short study of the weak Hadamard subdifferentiability of an integral functional defined on Lebesgue spaces when the Banach space E is supposed to be reflexive separable. After a reduction with the results of the previous sections it is proved that it suffices to treat only the case p = 1. Recall that in this case when the measure is atomless, the Fréchet subdifferential of an integral functional coincide with the Moreau-Rockafellar subdifferential (see [51] and [14] ). Corollary 9.9 gives a complete characterization of weak Hadamard subdifferentiability when the measure is atomless. The proof of Theorem 11.2 uses Theorem 6.3, and it is unreachable with the A.D Ioffe's type convexity assumptions made in the yet known results on semicontinuity.
Preliminaries
We adopt the following notation: IR is the set of real numbers and IR = IR ∪ {±∞}. Given (X , T ) a topological vector space, the set of all open neighbourhoods of x in X will be denoted by N (x). For a subset X of X , the indicator function ι X is defined by ι X (x) = 0 if x ∈ X, +∞ if not. For an extended real-valued function f defined on X we consider its effec-
The function f is said to be T -inf-compact (respectively sequentially-T inf-compact) when every sublevel set is Tcompact (respectively sequentially T -compact). When X is a locally convex topological space with X * as topological dual we consider the duality pairing between X * and X defined by 〈x * , x〉 = x
The following formulas give analytic means for these limits (see [15] Definition 4.1):
In the sequel, (x n ) T − → x means that the sequence (x n ) n T -converges to x; we will use frequently the next sequential version of the definition of the T -lower epi-limit (the two notions coincide when every point has a countable base of neighbourhoods [15] ).
Definition 2.4
Given a sequence ( f n ) n of IR-valued functions defined on (X , T ), and Z = X IN , the sequential T -lower epi-limit f = se q T − l i e f n is defined by:
The links between epi-limits and conjugacy have been studied in the convex case in [42] , [37] and [41] , [1] , [55] ; moreover in [48] , [49] , [50] there is links between epi-limits, variational convergences, usual operations and conjugacy. In order to prove the main results of this article (in section 6), we need to obtain few preliminar properties of the FenchelMoreau conjugate of the sequential weak-lower epi-limit of a sequence of nonconvex functions (Proposition 2.5, Theorem 2.9, Corollary 2.13), X T will denote the topological space (X , T ) and the symbol W 
Proof of Lemma 2.8. Recall that given two extended real valued functions f , g defined on X , the infimal convolution f g is (classically) defined by the formula:
Moreover the family of sets V(
-neighbourhoods of the origin. For every v * ∈ V(L, ǫ), we obtain: 
Proof of Lemma 2.11. Let x n ∈ K such r n = inf x∈K g n (x) ≥ g n (x n ) − 1 n , and let r > lim inf n r n .
Extracting subsequences we can find subsequences (r n k ) k such lim k r n k < r and (
Lemma 2.12
Let h : X → IR ∪ {∞} be a sequentially T -inf-compact function. Given a sequence ( f n ) n of elements of IR X bounded below by h, setting f = se q T − l i e f n , we have:
Proof of Lemma 2.12. Let us first give the proof with the additional assumption:
With (H) let r ∈ IR and (x n ) n be a sequence such ( f n (x n )) n is bounded above by r . Since f n ≥ h for every integer n, one has inf x∈X f n (x) = inf x∈h ≤r f n (x) and h ≤r is nonempty sequentially T -compact. Extracting from (x n ) n a T -converging subsequence, we remark that f ≤r = .
Moreover since h is T sequentially lower semicontinuous, we have f ≥ h and also
From Lemma 2.11 we obtain:
Therefore:
hence, from Proposition 2.5:
Proof of Lemma 2.12 without assumption (H). Let us consider a subsequence (n k ) k such that lim sup
(0), using Proposition 2.5 the conclusion stems from the relations
Suppose now that lim sup
Since the sequence ( f n k ) k satisfies the assumption (H), then from the first part of the proof and Proposition 2.5 we have:
This ends the proof of Lemma 2.12.
End of the proof of Theorem 2.9. Given x * in X * , set g n = f n − 〈x * , .〉 and l = h − 〈x * , .〉. Then l is a sequentially T inf-compact function, and for every n, g n ≥ l . Moreover since g * n (y
Applying Lemma 2.12 we obtain:
The proof of Theorem 2.9 is complete.
The symbol σ denotes the weak topology σ(X , X * ) on X . When X is a Banach space, considering the case T = σ(, X , X * ), due to Eberlein-Smulian's theorem [8] on X * coincide with the Mackey topology τ(X * , X ) on X * (of uniform convergence on weakly convex compact sets of X ) which is coarser than or equal to the topology of the dual norm . * . An immediate consequence of Theorem 2.9 and Corollary 2.10 is:
3 Biting Lemma, Biting convergence and tightness.
In the sequel (Ω, T, µ) is a measure space endowed with a σ-finite positive measure µ and with a tribe T. For a measurable subset A ∈ T, set A c = {ω ∈ Ω, ω ∉ A} and 1 A stands for the characteristic function of A: 1 A (ω) = 1 if ω ∈ A, 0 if ω ∉ A. Given two measurable IR-valued functions u and v denote by {u ≥ v } the set {ω ∈ Ω : u(ω) ≥ v (ω)}. Given a topological space (E, τ) with Borel tribe B(E), the space L 0 (E) is the space of τ-measurable E-valued functions. We will say that the sequence (x n ) n of elements of L 0 (E) converges almost everywhere to x if there exists a negligible set N such for every ω ∈ N c , the sequence (x n (ω)) n τ-converges to
x(ω). Let L 0 (Ω, E) be the space of classes of measurable functions (for µ-almost everywhere equality) defined on Ω and with values in E. It is customary to use the abuse of notation which consists to identify x and its class [x], we will do it. When the topology τ is associated
(where α is any positive valued integrable function) is a distance, and the topology associated is the topology of convergence in local µ-measure, that is convergence in measure on each set of finite µ-measure. Hereafter E is a separable Banach space. Let L p (Ω, E, µ), 1 ≤ p ≤ ∞, be the Lebesgue-Bochner space of classes of p-µ integrable functions (µ-essentially bounded functions if p = ∞) defined on Ω with values in E and endowed with its strong natural topology. When there is no ambiguity with respect to the measure we denote it by L p (Ω, E). x p is the usual norm of an element x of L p (Ω, E), where for 1 ≤ p < ∞,
with the convention +∞ − ∞ = +∞. A function φ : E → IR + is a Young function if it is convex even continuous at 0 with φ(0) = 0 and verifies lim e E →∞ φ(e) = +∞. When lim e E →∞ φ(e) e = +∞, φ is said strongly coercive. In the sequel we refer to a function f :
). An integrand f is said to be convex respectively even if for every ω ∈ Ω the function f ω is convex (respectively even). The integrand f is said to be measurable if it is measurable when Ω × E is endowed with the tribe T ⊗ B(E). Given two integrands f and g we write f ≤ g when there exists a negligible set N such that for every
A Young integrand φ is an integrand such that for every ω ∈ Ω, φ(ω, .) is a Young function. If α is a positive valued integrable function, an integrand φ is said to be an α-Young integrand if there exists a non decreasing convex strongly coercive function ψ : IR + → IR + verifying ψ(0) = 0 and: φ(ω, e) = α(ω)ψ(α −1 (ω). e ). Given a Young integrand φ : Ω × E → IR + , for every t > 0 we denote φ t (ω, e) = φ(ω, t e). We will say that an integrand f is of Nagumo type if f is non negative, measurable and if for every ω ∈ Ω f ω is inf-σ-compact for every slope. When E is reflexive every α-Young integrand is a Nagumo integrand. Given x ∈ L 0 (Ω, E), and an integrand f , we will denote by f (x) the map ω → f (ω, x(ω)). The integral functional I f associated to an integrand f is the functional defined at some point x of L 0 (Ω, E) by:
Let us recall the following definitions.
, if for every positive number ǫ, there exist a positive constant η and a measurable set K of finite measure such that:
Some authors use only the first property as definition of equi-integrability see [21] , Definition 2.23 for example. In order to measure the lack of equi-integrability let us introduce the following notion: Definition 3.2 (see [26] ) Let Σ be the collection of all decreasing sequences σ = (S k ) k of measurable sets S k with a negligible intersection. Given a sequence (u n ) n of measurable IR-valued functions it is convenient to use the index of equi-integrability δ
When there is no ambiguity on the measure we note δ
Recall the following result about the index (of equi-integrability):
Theorem 3.3 (see [26] 
When the measure µ is finite,(see [44] II-5), in the assertion (b) and (c) it suffices to consider the case α = 1 = β.
Proof. The equivalences (a) ⇔ (b) ⇔ (c) are well-known when the measure is finite and α = 1.
In the σ-finite case, for every positive valued integrable function α, first let us remark that since the µ-negligible sets are the αµ-negligible sets, taking the assertion (a) has definition of uniform integrability, from Thorem 3.3 (a), we deduce that X is uniformly integrable in L 1 (Ω, E, µ) if and only if α −1 X is uniformly integrable in L 1 (Ω, E, αµ). Therefore (a) ⇔ (b).
Moreover For every integrable positive valued function β, and for every integer n and x ∈ X,
Let us give now the statement of the Biting Lemma (valid in the σ-finite case): 
and a decreasing sequence (A k ) k of measurable sets with a ν-negligible intersection such that the sequence (α
The ν-negligible sets being exactly the µ-negligible sets we deduce with Theorem 3.3 (a) that the sequence (
Definition 3.6 Given a sequence (x n ) n of E-valued measurable functions defined on Ω, we will say that (x n ) n converges to a measurable E-valued function x in the Biting sense if there exists an increasing covering (up to a negligible set) (Ω k ) k of Ω by measurable sets such that for all k the sequence ( Proof: It is well-known ( [17] ) that in this case L 1 
, and in L 1 (Ω, E) any bounded equi-integrable sequence admits a weakly converging subsequence. Applying the first part of Theorem 3.5 and extracting from (
to an integrable function x, the sequence (x n k l ) l converges in the Biting sense: the restrictions on each A c k l converge weakly to the restriction of the function x. And for every integer
Since the norm is weakly semicontinuous and the sequence is norm bounded: 
. Due to the Biting Lemma there exists y ∈ L 1 (Ω k , E, αµ) an increasing covering (Ω k ) k of Ω by measurable sets, a subsequence (y m n ) n such for all integer k the sequence of the restrictions of the y m n to Ω k weakly converges in L 1 (Ω k , E, αµ) to the restriction to Ω k of y. That is for all
This proves that the sequence (x m n ) n Biting converges to x = yα
The assertion x ∈ L p (Ω, E) is a consequence of the Corollary 3.11 bellow. The proof of Corollary 3.8 is complete in the case β = 1. Let β be a measurable positive valued function, the measure ν = αµ is σ-finite. If the sequence (x m ) m is bounded in L p (Ω, E, ν) applying the first part of the proof we deduce the existence of a Biting-converging subsequence (x m n ) n to an element of L p (Ω, E, ν). That is there exists an increasing covering (Ω k ) k of Ω by measurable sets such that for all k the sequence (
Since β is positive valued, the ν-negligible sets are the µ-negligible sets. Moreover (Λ k ) k is an increasing covering of Ω by measurable sets such that for all k the sequence ( Proof of Lemma3.10. Given α a positive valued integrable function less than 1, the topology of convergence in local measure is defined by the distance:
Since the sequence (x m ) m Biting converges to x there exists an increasing covering (Ω k ) k of Ω such that for every integer k the sequence (
and we get:
This proves that the sequence (x m ) m converges in local measure to x. The proof of Lemma 3.10 is complete.
Since by Fatou's Lemma every norm closed ball of L p (Ω, E) is closed for the convergence in local measure it follows:
Definition 3.12 (see [5]) A subset X of L 0 (Ω, E) is said to be Nagumo tight if there exists a
Nagumo integrand h such sup
Remark 3.13
If M is a E-valued multifunction with nonempty weakly compact values and with T ⊗ B(E)-measurable graph, the integrand f (ω, e) = ι M(ω) (e) is measurable, then f is an example of Nagumo integrand. As a consequence, for a such multifunction, the set of measurable almost everywhere selections of M is an example of Nagumo tight set. Let us give another useful example of Nagumo tight sets.
Proposition 3.14 If E is a reflexive Banach space, then every converging sequence in the Biting sense is Nagumo tight.
Proof of the Proposition 3.14. When E is reflexive, every integrand of α-Nagumo type is a Nagumo integrand. By the Dunford-Pettis Theorem, every weakly compact set X in L 1 (Ω, E) is uniformly integrable, thus from Theorem 3.4 (b), X is Nagumo tight. Therefore every weakly converging sequence in L 1 (Ω, E) is Nagumo tight. Let a sequence (x n ) n converging in the Biting sense. If (Ω k ) k is the sequence of measurable sets appearing in Definition 3.6, let Λ 0 = Ω 0 and for k ≥ 1,
is uniformly integrable, for each integer k there exists a Nagumo integrand h k defined on
This proves that the sequence (x n ) n is Nagumo tight and ends the proof of the Proposition. 
The following result makes a link between Nagumo tightness and the notion of weak flexible tightness used in [11] Theorem 8.1.6. of Definition 3.15. The measurable sets A n = {ω ∈ A :
, then L ǫ is measurable with weakly compact values. L ǫ and A ǫ satisfy the assertion (a) of Lemma 3.17.
Suppose Ω has finite measure. In order to prove the second assertion, let us build a multifunction M in the following way. Set A 0 = Ω. From the first assertion, there exist a measurable set A 1 such µ(A 1 ) ≤ µ(Ω) 2 a measurable multifunction K 1 with weakly compact values such for
2 n , K n is measurable with weakly compact values such for every ω ∈ A n−1 \A n , for every x ∈ X, x(ω) ∈ K n (ω). From assertion (a), applied to the measure space A n , there exist a measurable set A n+1 ⊂ A n a measurable multifunction K n+1 with weakly compact values defined
Then M has nonempty weakly compact values, is measurable in sense of Definition 4.2, and by construction for every ω ∈ A c ∞ , for every x ∈ X, x(ω) ∈ M(ω). Due to the Remark 3.13, the set X is Nagumo tight. End of the proof of Proposition 3.16. When the measure µ is σ-finite, let (Ω p ) p be an increasing covering of Ω by measurable sets of finite measure. Using the above lemma, for each integer p there exists a measurable multifunction M p with nonempty weakly compact values defined on Ω p such for every x ∈ X, for almost every
By construction the multifunction M is measurable with weakly compact values. Moreover since X is countable, every element of X is an almost everywhere selection of M and Remark 3.13 allows to conclude.
Measurability and polarity
In the sequel the tribe T is supposed to be µ-complete and E is a locally convex space. The epigraph multifunction of an integrand f : Ω × E → IR is the multifunction e pi f defined by e pi f (ω) = e pi f ω . Let E * be the topological dual of E. The Fenchel-Moreau conjugate of f is
A Suslin space is a continuous image of a metrisable separable complete space. Let (E, τ) be a Suslin locally convex space often denoted by E τ . Let σ = σ(E, E * ) be the weak topology on E. On the topological dual E * , let σ * = σ(E * , E) be the weak star topology on E * . Notice that if E is a separable Banach space, then E σ and E * 
Definition 4.1 ([53], [9] VII. 1) Let F be a Suslin space. A closed and F-valued multifunction M defined on Ω is said to be measurable if its graph is T ⊗ B(F) measurable.

Definition 4.2 ( [9] VII. 1) Let (E, τ) be a Suslin space and let f
Proof of Lemma 4.8. The non negative integrands
The integrands g * k being normal, Definition 4.2 shows that the
The proof of Lemma 4.8 is complete.
E is reflexive and separable. For each integer k define f n, k = sup( f n , −k). The f n, k are measurable and bounded below by k. If f k = se q σ − l i e f n, k applying Lemma 4.8 we deduce that each f k * is a normal integrand on 
The following useful duality result is an immediate consequence of the main Theorem in [60] and [9] Theorem VII-7 (which is valid when the decomposable spaces considered are subspaces of scalarly measurable functions instead of subspaces of scalarly integrable functions).
Theorem 4.9 (see [60] main Theorem, [9] Theorem VII-7) Let E be a separable Banach space and g :
Two properties of the Mackey topology τ(L
In this section we suppose that the Banach E is separable. As above, B(E * σ * ) is the Borel tribe of (E * , σ(E * , E)). Recall that the Mackey topology τ
Proof of Corollary 5.2. The topology τ * being the topology of uniform convergence on the convex σ(L 1 (Ω, E), L ∞ (Ω, E * σ * ))-compact sets, Proposition 5.1 gives the result. Indeed, considering a σ(L 1 (Ω, E), L ∞ (Ω, E * σ * ))-compact set K, it suffices to use Theorem 3.3 (a) and to remark that: sup
Proof of Proposition 5.3. Clearly considering g n (ω, e) = f n (ω, x * 0 +e)−u 0 (ω), one can suppose that x * 0 = 0 and u 0 = 0. Let us endows E * with the dual norm . * and E * ×IR with the product norm and the tribe B(E * σ * × IR) . We denote the unit ball of E * by B * and the unit ball of
Then there exists u ∈ e pi f , integrable such f (x * ) ≤ u and ud µ < r . Due to Definition 2.3 for every ω ∈ Ω, e pi f ω = lim inf n e pi f n ω , hence the function
, e pi f n ω ) converges simply to 0. 
Lemma 5.4 The integrand g
Since f n is T⊗B(E * σ * )-measurable, the multifunction e pi f n has a T⊗B(E * σ * ×IR)-measurable graph and the above lemma ensures that g is T ⊗ B(E * σ * × IR)-measurable. Therefore, due to [9] Lemma III 39, the function s n is T-measurable. Let α be a function in L ∞ (Ω, IR) ∩ L 1 (Ω, IR) with positive values such αd µ = 1 and let ǫ = r − ud µ. Since every σ(L 1 (Ω, E), L ∞ (Ω, E * σ * ))-compact set is bounded, the strong topology of L ∞ (Ω, E * σ * ) is stronger or equal that τ * . Let V and W be symmetric τ * -neighbourhoods of 0 such W + W ⊂ V, and 0 < β ≤ ǫ 2 such 2βαB ∞ ⊂ W.
Define Ω n = ∩ k≥n {s k < βα}. Then (Ω n ) n is an increasing covering of Ω by measurable sets. Due to Corollary 5.2, the sequence (
On each Ω n , Γ n ∩ e pi f n has a T × B(E * σ * × IR) measurable graph and nonempty values. Due to [9] Theorem III 22, on each Ω n , there exists a scalarly-measurable selection (x * n , u n ) of e pi f n satisfying
Define x * n (ω) = x * n (ω) if ω ∈ Ω n , 0 otherwise; and u n (ω) = u n (ω) if ω ∈ Ω n , 0 otherwise. Then due to (2):
Since f n (0) ≤ 0 we get f n (x n ) ≤ u n and using (2):
Hence with (3) lim sup
and since V is arbitrary:
Therefore for every
Convergence results
In this section E is a separable Banach space and we consider now a topological subspace (X , T ) of L 0 (Ω, E), satisfying at x ∈ X , as the usual topologies on the spaces L p , 1 ≤ p ≤ ∞, the following property:
(P) Every sequence T -converging to x ∈ X converges to x in the Biting sense . 
The sequence (x n ) n is said to satisfy the lower compactness property (with respect to ( f n ) n ) if the sequence ( f − n (x n )) n is eventually uniformly integrable in L 1 (Ω, IR). Theorem 6.3 Let E be a separable Banach space and let ( f n ) n be a sequence of T ⊗ B(E) measurable and IR-valued integrands. Suppose that property (P) holds. Given x ∈ X , a Nagumo tight sequence (x n ) n T -converging to x and satisfying the boundedness property, then for f = se q σ − l i e f n one has:
Corollary 6.4 Let E be a separable Banach space and let ( f n ) n be a sequence of T⊗B(E) measurable and IR-valued integrands. Suppose that property (P) holds. Given x ∈ X , a Nagumo tight sequence (x n ) n T -converging to x and satisfying the lower compactness property, then with f = se q σ − l i e f n one has lim inf
When E is is reflexive and separable, the assumptions on tightness are satisfied (Proposition 3.14) and we obtain: Corollary 6.5 Suppose E is reflexive and separable, x ∈ X , and property (P) holds. Given a sequence ( f n ) n of T ⊗ B(E) measurable integrands, then for every sequence (x n ) n T -converging to x ∈ X and satisfying the boundedness property, the following inequality holds with f = se q σ − l i e f n , lim inf
If in addition (x n ) n satisfies the lower compactness property then,
The following definition, when the sequence ( f n ) n is constant, is exactly the criterion put in light by A. D. Ioffe in the study of the strong weak-semicontinuity [34] .
Definition 6.6
Given a sequence ( f n ) n of IR-valued integrands defined on Ω × E, we will say that it satisfies the T -Ioffe's criterion at x ∈ X if for every subsequence ( f n k ) k and every sequence (x k ) k T -converging to x such the sequence (I f n k (x k )) k is bounded above, the sequence (x k ) k has the lower compactness property with respect to ( f n k ) k .
Corollary 6.7
Suppose E is reflexive and separable, x ∈ X , and property (P) holds. Given a sequence ( f n ) n of measurable integrands satisfying the T -Ioffe's criterion at x ∈ X , then:
There exists a converse of Corollary 6.7. Recall that a subset X of L 0 (Ω, E) is said to be decomposable, see [31] , if given elements x, y of X, then for every measurable set A, z = x1 A + y1 A c is also an element of X. We will suppose that the topological space (X , T ) satisfies the following property:
(Q) Given a sequence (A n ) n of measurable subsets such for every measurable set A of finite measure lim n µ(A ∩ A n ) = 0, and two sequences (x n ) n and (y n ) n T -converging to x ∈ X , then the sequence (z n ) n , with z n = x n 1 A n + y n 1 A c n , is T -converging to x. Theorem 6.8 (see [26] Theorem 4.2) Suppose the measure µ is atomless, the topological space (X , T ) is decomposable and satisfies property (Q) at some point x ∈ X . Given a sequence ( f n ) n of IR-valued measurable integrands defined on Ω × E and a T ⊗ B(E)-measurable integrand IR-valued f satisfying: for every ǫ > 0 there exists a sequence (y n ) n T -converging to x such δ
Then if −∞ < I f (x), the Ioffe's criterion 6.6 is necessary to get the inequality
Notice the following simple statements of the Ioffe's criterion: Lemma 6.9 (see [26] Lemma 4.1) Suppose that there exists a T -converging sequence (y n ) n to x ∈ X such the sequence (I f n (y n )) n is bounded above. (a) the Ioffe's criterion is equivalent to the following: "for every sequence (x n ) n T -converging to x such that the sequence (I f n (x n )) n is bounded above, the sequence (x n ) n has the lower compactness property with respect to ( f n ) n ". (b) Moreover if the measure is atomless and if the topological space X satisfies the property (Q), then the Ioffe's criterion is equivalent to " every sequence (x n ) n T -converging to x has the lower compactness property with respect to ( f n ) n ".
Proof of Theorem 6.3. We begin with a sequence of preliminary propositions.
Proposition 6.10
Given a sequence ( f n ) n of measurable integrands bounded below by a Nagumo integrand, we have on X = L 1 (Ω, E), when T is the weak topology and f = se q σ − l i e f n :
Proof of Proposition 6.10. Let g = . * − l s e f * n be the integrand pointwise upper epi-limit of the f * n for the topology of the dual norm . * defined by g (ω, e) = . * − l s e f * n ω (e). The sequence ( f n ) n being bounded below by a Nagumo integrand and the topology of the dual norm on E * being stronger than or equal to the Mackey topology τ(E * , E), then from Corollary 2.13, we have for (almost) every ω, g ω = lim sup n f * n ω = f * ω therefore g = f * and from Theorem 4.6, g is a normal integrand on Ω × E * σ * . Since the f n 's are non negative, then for every integer n, f * n (0) ≤ 0. From Proposition 5.3 with the Mackey topology τ * = τ(L ∞ (Ω, E * σ * ), L 1 (Ω, E)) (in case E is a Banach space with strongly separable dual, from [27] Corollary 4.8),
Thus with Proposition 2.5,
As a consequence:
and since g (0) = lim sup f n * (0) ≤ 0, with [9] Theorem VII-7 (see Theorem 4.9) we get on L 1 (Ω, E): (I g ) * = I g * and therefore: (se q σ − l i e I f n ) * * ≥ I g * .
But g * = f * * , and as a consequence:
This ends the proof of Proposition 6.10.
Proposition 6.11
Suppose ( f n ) n is a sequence of non negative measurable integrands. A Nagumo tight sequence (x n ) n of elements of X = L 1 (Ω, E) which weakly-converges to x satisfies
Proof of Proposition 6.11. There exists a Nagumo integrand h such: sup
The above inequality being valid for every x ∈ L 1 (Ω, E), for every tight sequence (x n ) n weakly converging to x, and for every ǫ > 0, the proof of Proposition 6.11 is complete.
Proposition 6.12
For any measurable set K of finite measure the conclusion of Corollary 6.4 holds when X = L 1 (K, E) and T is the weak topology of X .
Proof of Proposition 6.12. Let a Nagumo tight sequence (x n ) n weakly-converging to x ∈ L 1 (K, E) and satisfying the lower compactness property and
Due to the lower compactness property of (x n ) n , the sequence ( f − n (x n )) n≥m is, for m large enough, uniformly integrable.
Using the above inequality and Proposition 6.11 with f m = se q σ − l i e f m n we deduce
and since lim m→∞ r m = 0, we obtain the desired inequality: I f * * (x) ≤ r . The proof of Proposition 6.12 is complete.
End of the proof of Theorem 6.3. Let a Nagumo tight sequence (x n ) n T -converging to x ∈ X and satisfying the boundedness property. Suppose lim inf n I f n (x n ) < r < ∞. We can extract a subsequence (
From (P) the sequence (x n k ) k is Biting converging to x. The sequence ( f − n k (x n k )) k being eventually bounded in L 1 (Ω, IR), using the other form of the Biting Lemma, Corollary 3.7 in the σ-finite case with E = IR, we can suppose (up to an extraction of a subsequence) that the sequences ( f − n k (x n k )) k and (x n k ) k are converging in the Biting sense. Let (Ω p ) p be a common increasing covering of Ω by measurable sets appearing in Definition 3.6. Since µ is σ-finite, we may suppose that the Ω p 's are of finite measure. By the Dunford-Pettis Theorem [21] Theorem 2.54 (see also [17] , [19] ) the sequence of restrictions ( f − n k (x n k )|Ω p ) k is uniformly integrable in the sense of Definition 3.4 in L 1 (Ω p , E). This proves that for each integer p the sequence of restrictions (x n k |Ω p ) k has the lower compactness property with respect to the sequence ( f n k |Ω p ) k of the restrictions to Ω p of the integrands f n k . The sequence ( f − n (x n )) n being eventually bounded in L 1 (Ω, IR), we deduce that the sequence (I f + n k (x n k )) k is eventually bounded above by some positive real number s. Clearly f ≤ g = se q σ − l i e f + n k and from Proposition 6.11 applied to the sequence ( f
The Monotone Convergence Theorem for the upper integral gives:
For each integer p we have for k ≥ p
Therefore the use of Proposition 6.12 gives
and we obtain
, and we deduce:
Therefore, observing that if (v n ) n is a subsequence of (u n ) n we have δ
The proof of Theorem 6.3 is complete.
Corollary 6.4 is an immediate consequence of Theorem 6.3 and Theorem 3.3. Indeed since
The proof of Corollary 6.5 is an immediate consequence of Theorem 6.3, Corollary 6.4 and Proposition 3.14. Proof of Corollary 6.7. Let us suppose now that the sequence ( f n ) n satisfies the T -Ioffe's criterion and:
Let a subsequence ( f n k ) k and a sequence (
Since ( f n ) n satisfies the T -Ioffe's criterion at x, the sequence (x k ) k has the lower compactness property with respect to ( f n k ) k . If g = se q σ − l i e f n k the last part of the Corollary 6.4 applied to the sequence ( f n k ) k gives:
This last inequality being valid for any r > se q T − l i e I f n (x) , the proof of Corollary 6.7 is complete.
The following result is of interest even if d i m(E) = 1, in the sequel we will use it. It can be proved directly using the properties of uniform integrability and of convergence in local measure. Alternative proof of Lemma 6.13. It suffices to prove that every subsequence (z n k ) k of (z n ) n admits a strongly converging subsequence to the origin. The sequence ( y n ) n is bounded in some L p (Ω, IR, βµ) 1 ≤ p ≤ ∞, due to Corollary 3.8, it is possible from any subsequence ( y n k ) k to extract a subsequence ( y n k l ) l which converges in the Biting sense to some ξ ∈ L p (Ω, IR, βµ). Moreover by extraction of a subsequence one may suppose that (u n k l ) l converges almost everywhere to 0. Let z * ∈ L ∞ (Ω, IR, µ), and let the integrands defined on Ω × IR by
Moreover for every measurable set
The sequence (z) n being uniformly integrable, the sequence ( f l ( y n k l )) l is uniformly integrable. Therefore the sequence ( y n k l ) l has the lower compactness property with respect to ( f l ) l . Due to Corollary 6.5,
This inequality being valid for every z * ∈ L ∞ (Ω, IR) we deduce that ( z n k l ) n weakly (therefore strongly) converges to 0. The proof of Lemma 6.13 is complete.
Sequential strong-weak lower semicontinuity.
In this section we consider a topological space (E, τ), a separable Banach space F, with norm . F , and its weak topology σ F . We will use two topological spaces (X , S ) and (Y , T ) such that X ⊆ L 0 (Ω, E) and Y ⊆ L 0 (Ω, F). The topologies S and T verify the following assumptions:
(H 1 ) Every sequence S -converging to x ∈ X admits a subsequence which converges to x almost everywhere.
(H ′ 1 ) Every sequence S -converging to x ∈ X converges to x in local measure.
(H 2 ) Every sequence T -converging to y ∈ Y is a converging sequence to y in the Biting sense (see Definition 3.6).
(H 3 ) The sets X and Y are decomposable. Moreover given a sequence (A n ) n of measurable subsets such for every measurable set A of finite measure lim n µ(A ∩ A n ) = 0, and a sequence (x n , y n ) n of elements of X × Y , S × T -converging to (x, y) ∈ X × Y , then the sequence (w n ) n , with w n = (x, y)1 A c n + (x n , y n )1 A n S × T -converges to (x, y).
Given an integrand f : Ω × E × F → IR, the integrand f * * : Ω × E × F → IR is in this section, the partial Fenchel-Moreau biconjugate defined for every (ω, e, e ′ ) ∈ Ω × E × F by:
Theorem 7.1 Suppose that assumptions (H 1 ) and (H 2 ) hold. Let x ∈ X and y ∈ Y , and let f : Ω×E×F → IR be a T⊗B(E×F)-measurable integrand. Given a sequence ((x n , y n )) n S × Tconverging to (x, y) and satisfying: (a) the sequence (y n ) n is Nagumo tight, (b) the sequence ( f − (x n , y n )) n is eventually bounded in L 1 (Ω, IR), then with the τ × σ F sequential lower semicontinuous regularization g of f defined for every
One has in addition lim inf n I f (x n , y n ) ≥ I f (x, y) , when the additional conditions are fulfilled: (c) the sequence ((x n , y n )) n satisfies the lower compactness property with respect to f , Then the lower semicontinuous regularization g of f is equal to f , hence f verifies (i ) at any point (x, y). Moreover when s = 0, f (s, .)
Remark 7.2 Remark (since in this case f = g ), that the condition (d ) is satisfied at (x, y) when the following two conditions hold for every
ω ∈ Ω, (i ) the function f ω is τ × σ F -sequentially lower semicontinuous at each point of {x(ω)} × F. ( j ) f * * ω (x(ω), y(ω)) = f ω (x(ω), y
(ω)). Moreover the condition (d ) is satisfied at any (x, z) for z ∈ Y when (i ) holds and we replace the condition ( j ) by:
any point (0, t ) ∈ {0} × IR; but f (s, .) * * = −1 when s = 0. Therefore f * * is not lower semicontinuous at any point (0, t ) ∈ {0} × IR. The lower semicontinuous regularization h of f * * is h(s, t ) = −1 = h * * (s, t ), therefore for any (0, t ) ∈ {0} × IR, f * * (0, t ) = h * * (0, t ), this proves that the condition (d ) fails for f * * at any point (0, t ) ∈ {0} × IR.
Proof of Theorem 7.1. Let r ∈ IR such that lim inf n I f n (x n , y n ) < r . Since (H 1 ) holds, extracting subsequences we may reduce to the case when the sequence (x n ) n converges almost everywhere to x and sup n I f n (x n , y n ) < r . Setting f n (ω, e) = f (ω, x n (ω), e), the sequence (y n ) n is supposed Nagumo tight and with (b) is supposed to verify the boundedness property with respect to the sequence of measurable integrands ( f n ) n . Due to assumption (H 2 ), the topological space (Y , T ) verifies the property (P) of the previous section. The use of Theorem 6.3 gives, with h = se q σ F − l i e f n :
The above inequality is valid for every r > lim inf n I f (x n , y n ). Moreover we remark that in addition, g (x, .) ≤ h, hence we have almost everywhere g * * (x, y) ≤ h * * (y). This proves the validity of the inequality (4). If assumption (c) holds, then 0 ≤ δ
The Assumption (d ) and formula (4) gives the second semicontinuity result. The proof of Theorem 7.1 is complete. [34] ) A measurable integrand f : Ω ×E ×F → IR satisfies the Ioffe's criterion at (x, y) ∈ X × Y if for every sequence ((x n , y n )) n S × T -converging to (x, y) such that the sequence (I f (x n , y n )) n is bounded above, the sequence ( f − (x n , y n )) n is uniformly integrable.
Definition 7.5 (see
The corollary below is an extension of the Ioffe's result [34] .
Corollary 7.6 Suppose (E, τ) is a metrisable topological space, F is a reflexive separable Banach space and assumptions (H
Then, whenever the integral functional I f satisfies the Ioffe's criterion at (x, y) ∈ X × Y it is S × T -sequentially lower semicontinuous at this point. Conversely, suppose that the measure µ is atomless, assumption (H 3 ) holds and I f (x, y) = −∞. Then the Ioffe's criterion at (x, y) is necessary for the sequential lower semicontinuity of I f at this point.
Proof of Corollary 7.6. Let us prove first the sufficiency part. When the conditions (i ) and ( j ) hold, then due to the Remark 7.2 the condition (d ) holds. Let r ∈ IR and a sequence ((x n , y n )) n S × T -converging to (x, y) such for every integer n
The Ioffe criterion ensures that the sequence ((x n , y n )) n verifies the lower compactness property with respect to the integrand f . Due to (H 2 ) and Proposition 3.14 the sequence (y n ) n is Nagumo tight. Since (H ′ 1 ) holds and every sequence converging in local measure admits a subsequence converging almost everywhere ( [39] ) then (H 1 ) holds. Therefore from Theorem 7.1 we get:
This proves that the integral functional I f is sequentially S × T -lower semicontinuous at (x, y). The proof of the necessity part is very similar to the proof given by A. D. Ioffe in [34] Theorem 1. Indeed if I f is S ×T -sequentially lower semicontinuous at (x, y) and the Ioffe's criterion is not true, there exist a real number r , a sequence ((x n , y n )) n S × T -converging to (x, y) such the sequence ( f − ((x n , y n ))) n is not uniformly integrable and for every n, I f (x n , y n ) ≤ r . Since I f is sequentially lower semicontinuous at (x, y) we get: I f (x, y) ≤ r < ∞, and by assumptions I f (x, y) > −∞, thus f (x, y) is integrable. The sequence ( f − (x n , y n )) n being not uniformly integrable and the measure considered being atomless, with the help of Theorem 3.3 (b) ( [26] , Proposition 1.7), we have:
Therefore there exist ǫ > 0, a subsequence ((x n k , y n k )) k and a decreasing sequence (A k ) k with a negligible intersection satisfying:
k is a sequence of elements of X ×Y which S ×T -converges to (x, y) and satisfies eventually:
This contradicts the sequential S × T -lower semicontinuity of I f at (x, y). The proof of Corollary 7.6 is complete.
Remark 7.7
Under the assumption (Q) on the topology S × T instead of (H 3 ), the necessity part is also a consequence of Theorem 6.8. Let us give a direct proof. Given a strong-weak converging sequence (x n , y n ) n to (0, y), from the Hölder inequality the sequence (|x n |.|y n |) n is uniformly integrable since (x n ) n is 2-equiintegrable and for every measurable set A:
A |x n |.|y n |d s ≤ sup n y n 2 sup n x n 1 A 2 .
Due to Lemma 6.13 the sequence (|x n |.|y n |) n strongly converges to the origin in L 1 ((0, 1), IR) and we get with f
This proves that the sequence ( f (x n , y n )) n strongly converges in L 1 ((0, 1), IR) (and therefore the Ioffe criterion holds for f and − f ). Thus I f is sequentially strong weak continuous at (0, y) because
Lower compactness properties, usual examples.
The Banach space E is supposed separable. Hereafter ( f n ) n is a sequence of extended real valued measurable integrands defined on Ω × E. When (X , T ) is a locally convex topological space, the most usual bornologies are the family of T -bounded sets it is called the Fréchet bornology, it is denoted by B F ; the family of sequentially T -relatively compacts sets is called the T -Hadamard bornology, it is denoted by B H , and if more generally τ is a topology on X the family of τ-relatively sequentially compacts sets (denoted by B τ ) is a bornology. For more simplicity and clarity, in the sequel X will be a normed space of Orlicz type: more precisely a Lebesgue space endowed with its Fréchet bornology or its Hadamard bornologies associated to the strong or weak (star)topologies. Before to give concrete examples let us prove the following property.
Proposition 8.3
Let a bornology B on a normed subspace X of L 0 (Ω, E). A sequence ( f n ) n of extended real valued integrands defined on Ω×E has the B-lcp if and only if each subsequence ( f n k ) k has the B-lcp. When τ is a topology on X , a sequence ( f n ) n of integrands has the B τ -lcp if and only if every τ-converging sequence (x n ) n has the lcp respect to ( f n ) n .
Proof of Proposition 8.3. Let X be an element of B and (x k ) k be a sequence of elements of X. Let a subsequence ( f n k ) k of ( f n ) n . We want to prove that the sequence (x k ) k has the lcp respect to the sequence ( f n k ) k . Consider the sequence (y m ) m defined for m ≥ n 0 by: 
it is, from Theorem 3.3 (a), eventually equi-integrable thus eventually uniformly integrable. We deduce that the sequence ( f n ) n has the Fréchet-lcp on L φ (Ω, E) .
From the above result if X = L p (Ω, E) 1 ≤ p < ∞ and φ is the Young integrand φ(ω, e) = p −1 e p , we obtain:
Corollary 8.5 Let 1 ≤ p < +∞ and a sequence ( f n ) n of measurable integrands such that: for every ǫ > 0 there exists a sequence (u n ) n of non negative uniformly integrable functions satisfying eventually f n (., e) ≥ −u n .
Then the sequence of integrands
( f n ) n has the Fréchet-lcp on L p (Ω, E).
Proof of Corollary 8.6. L ∞ (Ω, E) is the Orlicz space associated to the Young integrand: φ(ω, e) = ι B (e) for which φ λ (ω, e) = ι λ −1 B (e) .
Proposition 8.7 Let φ be a Young integrand and a sequence ( f n ) n of measurable integrands such that:
for every x ∈ L φ (Ω, E), ǫ > 0 there exist λ > 0, a positive constant c ≥ 1 a sequence (u n ) n of non negative bounded integrable functions satisfying δ + ((u n ) n ) < ǫ and eventually
Then the sequence of integrands ( f n ) n has the (strong) Hadamard-lcp at x ∈ L φ (Ω, E).
Proof of Proposition 8.7. Let (x n ) n be a norm converging sequence to x ∈ L φ (Ω, E). If the growth condition of Proposition 8.7 holds there exists positive constants λ, c > 1 and a bounded sequence of integrable functions (u n ) n with δ + ((u n ) n ) < ǫ satisfying eventually:
Therefore eventually:
Since (x n ) n converges to x, we have for n large enough
then eventually:
From ( * ) we get the boundedness of the sequence ( f − n (x n )) n in L 1 (Ω, IR) and:
This last inequality being valid for every ǫ > 0 then from Theorem 3.3 (a) we obtain the equiintegrability of the sequence ( f − n (x n )) n , thus the uniform integrability of this sequence.
Corollary 8.8 Let 1 ≤ p < +∞ and a sequence ( f n ) n of measurable integrands verifying the property:
For each ǫ > 0 there exists a positive constant c ǫ and a non negative bounded sequence of integrable functions (u n ) n with δ + ((u n ) n ) < ǫ and such that (eventually):
Then the sequence of integrands ( f n ) n has the Hadamard-lcp on L p (Ω, E).
Proof of Corollary 8.8. For every x ∈ L p (Ω, E) use Proposition 8.7 and the following inequality:
Corollary 8.9 Let p = ∞. Let a sequence ( f n ) n of measurable integrands verifying the property:
For every x ∈ L ∞ (Ω, E), ǫ > 0, there exist λ > 0, a bounded sequence of integrable functions (u n ) n such that δ + ((u n ) n ) < ǫ and eventually:
Then the sequence of integrands ( f n ) n has the strong Hadamard-lcp on L ∞ (Ω, E).
Proof of Corollary 8.9. It is a consequence of Proposition 8.7, remark that L ∞ (Ω, E) is the Orlicz space associated to the Young integrand: φ(ω, e) = ι B (e) for which φ λ (ω, e) = ι λ −1 B (e).
In order to give another class of examples of sequences of integrands with the lower compactness property, let us consider a measurable integrand f : Ω × E → IR. We will use its differential quotient defined by the formula:
If as usually, I f is the integral functional associated to the integrand f and if x 0 is such that f (x 0 ) is integrable remark that for every x ∈ L 0 (Ω, E) we have the equality: 
Proposition 8.11 Let φ be a Young integrand and f be a measurable integrand satisfying the following condition:
for every ǫ > 0, and every λ > 0, there exists a family of non negative eventually integrable functions {u r , r ∈ (0, 1)} uniformly integrable in L 1 (Ω, IR) and verifying eventually
Then f has the Fréchet differential lcp on
Proof. Let (r n ) n be a sequence of positive numbers converging to 0, using Proposition 8.4 with f n = [ f ](x 0 , ., r n ) we deduce that the sequence of integrands ( f n ) n has the Fréchet-lcp on L φ (Ω, E). The result being valid for every sequence of positive numbers converging to 0, f has the Fréchet-lcp on L φ (Ω, E).
Given a Young integrand, and an integrand f , we will use the following assumption:
, for almost every ω ∈ Ω, the function f ω is Lipschitzian on every ball of E; there exist two positive constants c and λ 0 such that for every λ > λ 0 there exist β > 0 and an integrable function u λ ∈ L 1 (Ω, IR) verifying:
Where ∂ C is the Clarke subdifferential see [13] . (S φ ) denotes (S φ,0 ).
Proposition 8.12 Let φ be a Young integrand and f be a measurable integrand satisfying the condition (S φ,x 0 ). Then f has the Fréchet differential lcp on
Proof. This is a consequence of Proposition 8.11 and the following Lemma with e ′ = 0:
verifies also: for every ǫ > 0 and every λ > 0, there exist r ǫ > 0 an integrable function u ǫ,λ such that for 0 < r ≤ r ǫ and e, e ′ :∈ E
Proof of Lemma 8.13. Let ǫ > 0, λ > 0. From Lebourg's Mean value theorem [13] , for each e, e ′ ∈ E, 0 < r < 1, for each ω ∈ Ω there exists 0 < θ n (ω) < 1, y = x 0 +θr (e −e ′ ) and x * ∈ ∂ C f (y) such for every ǫ > 0 and λ > 0:
Therefore due to the Young inequality, and condition (S φ ), when (ǫλ)
0 , there exist β > 0 and an integrable function u (ǫλ) −1 verifying eventually: 
This ends the proof of Lemma 8.13. End of the proof of Proposition 8.12. Since f satisfies the condition of Lemma 8.13, it satisfies the growth condition of Proposition 8.11 therefore f has the Fréchet differential lcp on 
Proof. Let B φ be the unit ball of L φ (Ω, E), when f satisfies the condition of Lemma 8.13, for every λ > 0, there exist r 1 > 0 and u 1,λ −1 such that for 0 < t < r 1 and x ′ , y ′ ∈ L φ (Ω, E):
Therefore for every x, y ∈ λB φ , taking
φ y and t = r x − y φ we get for r ≤ r 1 λ
thus, for every x, y ∈ λB φ , and r ≤ r 1 λ −1 ,
thus by integration, for every x, y ∈ λB φ , and r ≤ r 1 λ −1 ,
this proves that with η = r 1 λ −1 and r ≤ η we have:
Proposition 8.15 Let φ be a Young integrand and f be an integrand verifying
Proof. Suppose that x 0 ∈ E φ (Ω, E) and that the integrand f verifies (S φ ). Then for every λ > λ 0 :
Since x 0 ∈ E φ (Ω, E) , then φ(2βx 0 ) is integrable, this proves that the condition (S φ,x 0 ) of Proposition 8.12 is true at x 0 .
For more clarity and simplicity, in the sequel of this section X = L p (Ω, E),
where B * is the unit ball of E * . We will made the following assumptions on f :
(S p ): 1 ≤ p < ∞ and there exist a positive constant c and a q-integrable non negative function a such that for every e ∈ E, and e * ∈ ∂ C f ω (e), e * * ≤ c e p−1 + a .
(S ∞ ) There exist η > 0 and an integrable function c such that: is Lipschitzian on every ball of E, moreover keeping λ = λ 0 in the definition of (S φ,x 0 ), we obtain the existence of a positive constant c and an element u of L 1 (Ω, IR) such that for every e ∈ E, and e * ∈ ∂ C f ω (x 0 + e), Then for every point x 0 is in L p (Ω, E), for every e * ∈ ∂ C f ω (e):
but for every λ > 0 for every e * ∈ ∂ C f ω (e), with the above inequality we reach: − (x 0 , x n , r n )) n is not uniformly integrable. Since the measure µ is atomless from 
Hereafter L p (Ω, E) is endowed with the topology
, and
But 1 < p ≤ ∞ thus 1 ≤ q < ∞, and since (A k ) k has a negligible intersection, the sequence (x n k 1 B k ) k σ p -converges to the origin and verifies for every integer k:
Solid and integral Bornologies, subdifferentials
In this short section, we provide statements and proofs valid in a more general setting than the Lebesgue spaces. Let (X , . ) be a normed space. Recall that the differential quotient [ f ] of f ∈ IR X at a point x 0 of its domain is defined by the formula
Observe that for all x * ∈ X * we have:
Following the presentation given in [52] section 4.1.6, for a function f ∈ IR X finite at x 0 , the subdifferential associated to a bornology B on X is the set ∂ B f (x 0 ) of x * ∈ X * such that for all X ∈ B one has:
or equivalently for all X ∈ B:
The elements of ∂ B f (x 0 ) are called the B-subderivatives of f at x 0 .
If B is the bounded sets of
Classically an equivalent definition is the following: In the same spirit let us consider the case p = ∞. Using Corollary 9.5 it can be obtained the following characteristic condition (when f is only measurable) when the measure is atomless; let us give a direct proof without this assumption but when f is normal.
Corollary 9.8 Suppose p = ∞, and f : [ f − 〈x * , .〉](x 0 , e, r ) ≥ −u r .
Proof of Corollary 9.8. Remark that it suffices to gives the proof in case x * = 0. Let B ∞ be the unit ball of L ∞ (Ω, E). The condition is sufficient. Indeed:
then we obtain for s > 0 lim r →0 + sup x∈sB 
Additional results on Fréchet subdifferentiability
In this section, when E is separable, the study of some properties of the Fréchet subdifferentiability is mainly made in relation with the Fréchet differential compactness property. The following result gives a practical sufficient criterion for the Fréchet subderivability of an integral functional. 
From the preceding Lemma [g ]
− (0, x n , r n ) = x n ǫ − (r n x n ), moreover since the sequence (x n ) n is bounded in X then by assumptions (x n ) n it is bounded in some L p (Ω, E, βµ) therefore the sequence (r n x n ) n norm converges to 0 in L p (Ω, E, βµ), thus in βµ-measure ([39] section 4.7 (or [58] Lemma 16.4)) and since β is positive valued, extracting subsequences almost everywhere converging to 0 we obtain that the convergence is in in local µ-measure , so is the convergence of the sequence (ǫ − (r n x n ) n . Let v n = x n ǫ(r n x n ). Since f has the Fréchet-dlcp at x 0 , the integrand g too at the origin. Therefore the sequence (v − n ) n is uniformly integrable. We have v − n = x n ǫ − (r n x n ) applying Lemma 6.13 with E = IR, y n = x n , u n = ǫ − (r n x n ), we deduce that (v 
Then x
* is a Fréchet-subderivative of I f at x 0 on L φ (Ω, E).
Proof. due to Proposition 8.11, f − 〈x * , .〉 has the Fréchet differential lcp on L φ (Ω, E) at x 0 ∈ L φ (Ω, E) . The result is then an immediate consequence of Theorem 10.2.
Given a Young function φ we will consider the following subspace of L φ (Ω, E, µ):
E φ (Ω, E) = {x ∈ L φ (Ω, E) : ∀λ > 0, φ(λx) ∈ L 1 (Ω, IR, µ)}. Given an E * -valued multifunction M, L φ * (M) σ * , (respectively E φ * (M) σ * ) denotes the set of almost everywhere selections of M which are in L φ * (Ω, E * σ * ) (respectively E φ * (Ω, E * σ * )).
Proposition 10.5 Let φ be a Young integrand and f be an integrand such x
* ∈ E φ * (Ω, E * ) is a Fréchet-subderivative of f along x 0 ∈ L φ (Ω, E). If the condition (S φ,x 0 ) of Theorem 8.12 holds then E φ * (∂ F f (x 0 )) σ * ⊂ ∂ F I f (x 0 ).
Proof. First remark that for any x * ∈ E φ * (Ω, E * ) the integrand f − 〈x * , .〉 has the Fréchet-dlcp at x 0 . Indeed let f verifying (S φ,x 0 ). Since for every x * ∈ E φ * (Ω, E * ), due to the Young inequality, for every e ∈ E, and every λ > 0, |〈x * , e〉| ≤ φ(λe) + φ * (λ −1 x * ) with φ * (λ −1 x * ) integrable, we obtain with Lemma 8. For clarity now we will restrict ourselves to the case of Lebesgue spaces. The following result is a permanence property. Since 1 ≤ q < ∞, for every norm bounded sequence (x n ) n , the sequence (〈x * , x n 〉) n is uniformly integrable. Moreover setting g = f − 〈x * , .〉, we have: [g ] = [ f ] − 〈x * , .〉 and since f has the Fréchet-dlcp at x 0 ∈ X, the integrand g has the Fréchet-dlcp at x 0 . Proof. From Corollary 8.17 the integrand f has the Fréchet-dlcp, and from Proposition 10.7, for every element y * ∈ L 1 (∂ F f (x 0 )) σ * , the integrand f −〈y * , 〉 has the Fréchet-dlcp at the point x 0 , and Theorem 10.2 allows to conclude.
More on weak Hadamard subdifferentiability.
The author in [25] , makes a first study of the strong Hadamard subdifferentiability of integral functionals on Lebesgue spaces, related with the properties of the differential quotients. In a initial version of this article, when E is reflexive, all the results on Fréchet-subdifferentiability of the section 10 has been proved with the results of section 6 by considering the weak topology on L p (Ω, E) and the weak star topology when p = ∞. On reflexive spaces the Fréchet bornology coincide with the weak Hadamard bornology therefore the Fréchet subdifferential coincide with the weak Hadamard subdifferential. Notice that this last result can be extended (the proof is omitted) to the case where X has a predual Y:
Lemma 11.1 Suppose that Y is a separable predual of the Banach (X, . ) and x 0 ∈ X, then with σ Y = σ(X, Y):
Moreover, if 1 < p ≤ ∞, when E is reflexive, due to the Proposition 8.18, Lemma 11.1, the results of the sections 9 and 10, Corollary 9.6, Corollary 9.8, Proposition 10.8, Theorem 10.9, Theorem 10.2 with its corollaries can be rephrased in terms of the weak dlcp (weak star if p = ∞) and of the weak (weak star if p = ∞) Hadamard subdifferentiability. Therefore the study of the weak (weak star) Dini Hadamard subdifferentiability is reduced to the study of Fréchet subdifferentiability in the cases 1 < p ≤ ∞. As a consequence, only the case p = 1 may be of interest. In the sequel, E is a separable reflexive space and we consider a T⊗B(E)-measurable extended real valued integrand f and its differential quotient Proof of Theorem 11.3. By the Dunford-Pettis criterion, every sequentially weakly compact sequence (x n ) n is uniformly integrable. Therefore when (b) holds, for every sequence (r n ) n of positive real numbers converging to the origin, the sequence ([ f ]
− (x 0 , r n , x n )) n is uniformly integrable. This proves that (b) ⇒ (a). If the measure is atomless and (a) is true, then the integrand f has the (strong) Hadamard-dlcp at x 0 , thus [25] 
